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Abstract.  Let  E‘  be  the  dual  of  a  nuclear  FrAchet  space  E  and  L«£t)  the  adjoint 
operator  of  L(t)  which  has  a  formal  expression: 

L(t)  =  2  a  (t.x)2-^-  +  b  (t.x)  — . 

dXj  dXj 

It  is  shown  that  the  weak  solution  of  a  stochastic  differential  equation: 

dX(t)  =  dW(t)  +  L*(t)X(t)dt. 

exists  uniquely  on  a  generalized  functional  space  on  E‘  which  is  an  appropriate 
model  for  the  central  limit  theorem  for  an  interacting  system  of  spatially 
extended  neurons.  Applications  to  the  latter  problem  are  discussed. 
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SI.  Introduction 


^  Recently.  Deuschel  has  obtained  a  fluctuation  result  for  a  system  of 
lattice  valued  diffusion  processes.  The  result  obtained  is  similar  to  the  ones 
for  mean-field  interacting  particle  diffusions  treated  in  a  number  of  papers  » 
'^273-.ftTdT4€T233-r-  In  another  direction,  Kallianpur  and  Wolpert  [11]  have 
introduced  a  class  of  stochastic  differential  equations  (SDE’s)  governing 
nuclear  space  valued  processes  as  a  model  for  voltage  potentials  for  spatially 

Tv 


extended  neurons.  -The  present  paper  is  motivated  by  both  the  above  problems, 
especially,  the  problem  of  interacting  systems  of  neurons.  The  techniques 
developed  in  this  paper  enable  us  to  prove  a  general  result  which  yields  a 
central  limit  theorem  for  such  systems.  It  also  provides  another  approach  to 

\  -.  '  '  r  ’  '  ^  *  •  *v 

the  fluctuation  theorem  inv[4]^"  In  addition,  the  identification  problem  of  the 
limit  measures  leads  us  to  discuss  the  uniqueness  of  weak  solutions  of  the  SDE 
formally  expressed  by 


dX(t)  =  df(t)  ♦  L*(t)X(t)dt. 


A  precise  meaning  to  the  above  equation  is  given  by  equation  (1.1)  below. 

Our  aim  is  to  find  a  suitable  space  2U,  of  smooth  functionals  on  the  dual 

nuclear  space  E*  and  to  solve  the  SDE  on  the  dual  space  3J£.,  which  is 

appropriate  for  the  central  limit  theorems  we  have  in  mind. 

We  will  proceed  to  explain  the  setting:  A  stochastic  process  Xp(t) 

defined  on  a  complete  probability  space  (O.y.P)  indexed  by  elements  in  ®g.  is 

called  an  £(9g, )-process  if  Xp(t)  is  a  real  stochastic  process  for  any  fixed 

F  C  Sg,  and  ’W*0  *  “xF(t)  *  almost  surely  for  each  real  numbers  a.P 

2 

and  elements  of  F.G  €  Sg,  and  further  E[Xp(t)  ]  is  continuous  with  respect  to  F 

on  Sg,  [10].  Xp(t)  is  called  continuous  if  lim  E[(Xp(t)-Xp(s))^]  =  0  for  each 

t~*s 

F  €  Sg, .  Let  Wp(t)  be  an  5f(Sg. ) -Wiener  process,  i.e.  such  that  for  any  fixed 


2 


F  €  Sg..  Wp(t)  is  n  real  continuous  Gaussian  additive  process  with  mean  0. 

We  will  prove  that  a  unique  continuous  *(2^. )-process  solution  Xp(t) 
exists  for  the  following  equation  with  given  initial  value  Xp(0): 

C1-1)  «ttF(t)  =  dwp(t)  +  XL(t)p(t)dt. 

Roughly  speaking,  if  L(t)  generates  the  strongly  continuous  Kolmogorov 
evolution  operator  U(t,s)  from  2^,  into  itself,  the  unique  solution  for  (1.1) 
can  be  given  as  follows: 

*F(t)  =  fyt.OjF*0*  +  WF(t)  +  SQ  WL(s)U(t.s)F(s)ds- 

We  will  now  begin  by  giving  the  precise  definitions  of  the  operator  L(t) 
and  the  space  25^..  Let  E  be  a  nuclear  Fr^chet  space  whose  topology  is  defined 
by  an  increasing  sequence  of  Hilbertian  semi-norms  11*11,  i 

12  p 

As  usual  let  E1  be  the  dual  space.  Ep  the  completion  of  E  by  the  p-th  semi-norm 
IMIp  and  Ep  the  dual  space  of  Ep.  Then  we  have 

«o  » 

E  =  n  E  and  E’  =  UE'. 

p=0  P  p=0  p 

Let  K  be  a  separable  Hilbert  space  with  norm  11*1^  and  F  a  mapping  from  E‘ 
into  K.  Then  F  is  said  to  be  Ep-Fr6chet  differentiable  if  for  every  x  €  E'.  we 
have  a  bounded  linear  operator  2)pF(x)  from  Ep  into  K  such  that 

Hjn  Elyth)  -  F(x)  =  2>pF(x)(h).  heEJ.inK. 

Suppose  that  F  is  Ep-Fr4chet  differentiable  for  every  integer  p  2  0.  Then 

CD 

taking  E‘  =UE'  and  the  strong  topology  of  E\  (which  is  equivalent  to  the 

p=0  * 

inductive  limit  topology  of  Ep;  p=0, 1,2, •••),  into  account,  we  have  a 
continuous  linear  operator  DF(x)  from  E*  equipped  with  the  strong  topology  into 


K  such  that  for  any  integer  p  £  0.  DF(x)(h)  =  9  F(x){h)  for  h  €  E\  Hence,  if 


F  is  n-times  E^-Fr^chet  differentiable  for  every  integer  p  £  0,  we  have  a 


continuous  n-linear  operator  D^fx)  from  E'xE^^^xE*  into  K  such  that  the 

n-times 


restriction  of  D ^(x)  on  E‘xE’x***xE'  =  the  n-th  E’-FrAchet  derivative  SD^fx). 

t  p  p  p_,  p  p  '  ' 

n-timeS 


Then  if  F  is  infinitely  many  times  E^-Fr^chet  differentiable  for  every  integer 


p  )>  0,  the  Hilbert-Schmidt  norm 


00 

HDnF(x)l|(p|  =  (  2 


i  i  • • •  i  =1 

W  *n 


IIDnF(x)  (h[p)  ,h[p) .  •  •  •  ,h[p)  )  ll£) ] 


ll  2 


is  finite  for  each  integer  n  £  1  and  p  £  0,  where  (h;jp')  is  a  C.O.N.S. , 

J 


(complete  orthonormal  system),  in  E^  [14]. 


From  now  on,  we  will  often  use  the  conventional  notation  such  that 


IID°F(x)llgPg  =  IIF(x)llK. 


Let  P( t )  be  the  standard  E’-WIener  process  such  that  for  any  f  €  E, 


<£(*}•?>  I®  a  1-dimensional  Brownian  motion,  with  variance 


E[</3(t)  ,f>^]  =  tllfllg,  where  <x,f>,  (x  €  E’,  f  €  E),  denotes  the  canonical 


bilinear  form  on  E*  x  E. 


Without  loss  of  generality,  we  assume  /?(t)  is  an  Ej-valued  Wiener  process 
throughout  this  paper,  [17],  [18]. 


Definition  of  L(t).  For  t  >  0  and  x  €  E’ ,  let  A(t,x)  and  B(t,*)  be 


continuous  mappings  from  E'  into  itself  such  that  the  following  conditions  are 


satisfied. 


(HI)  There  exists  a  natural  number  Pq  such  that  A(t,x)  maps  Ej  into  E’ 


B(t,*)  maps  E’  into  E'  and  for  each  T  >  0, 


rnmmmmmmmmmmimmmxtm 


v*v\ 

•  'i  a 
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$ 

£ 


S 


sup.  I  A(t.x)  |  \  <  ®  and  sup  IIB(t,x)ll  <  ®, 
x€E'  ^  x€E '  ~p0 


x€E' 

0£t<T 


x€E* 

0£t£T 


CD 

where  11*11  denotes  the  dual  norm  of  E'  and  |  A(t,x)  |  ?  =  2  IIA(t.x)h^^ll2 

-P  p  *  j=l  J  ~po 


(H2)  A(t,x)  and  B(t,x)  are  Infinitely  many  times  E^-Fr^chet  differentiable  for 


every  integer  p  2  0  such  that  for  any  T  >  0  and  any  integer  n  2  1. 


sup  IIDn(t.x)llu^2  <  ®  and  sup  IID^^.x)!!^!  < 

x€E‘  HS<  x€E'  H-S- 

0$t£T  0£t£T 


00 

where  HDnA(t.x)ll^p|  =  (  2 


1  1  •  •  •  i  — 1 

11,12*  *  n 


|  DnA(t.x)(hJp).h[p).***.h{p))  |  l)1/2  and 
1  2  n 


UD”B(t  .x)ll^p^  =  (  2  IIDnB(t,x)(h[p).h|p).***.h5p))ll2  )1/2. 

1  2  n  0 


(H3)  For  any  integer  n  2  0  and  any  T  >  0,  there  exist  X(n,P,T)  >  0  and 


XjCn.p.T)  >  0  such  that 


sup  max{IIDkA(tfx)-DkA(s.x)lliP2  JID^t.x)  -  c  } 

x€E'  H!>- 

0£k£n 


i  X^n.p.T)  |t-s|X(n,p,T).  0  i  s,t  1  T. 


Then  for  any  twice  E'-Fr6chet  differentiable  real  valued  functional  F  on  E'  for 

P 


every  p  ±  0.  we  put 


(L(t)F)(x)  =  5-  trace  r  D^fx)  o  [A(t,x)  x  A(t,x)]  +  DF(x)(B(t ,x)) , 


where  trace 


00 

-  D^x)  O  [A(t.x)  y  A(t.x)]  =  2  D^lMt.xJhf'.Mt.x#)' 

0  J=1  J  J 


Definition  of  For  a  real  valued  infinitely  many  times  E’-Fr6chet 


differentiable  functional  F  on  E’  for  every  integer  p^O,  we  define  the 


following  semi-norms: 


k  i'liv 


1*.  »“« 


=  2  IIFII 


p.q.n 


where  p  1  0,  q  £  0  and  n  ^  0  are  integers  and 


p.k  ’ 


{  \  — iixii_  .  f  » 

IIFirqi  =  sup  e  PIID  F(x)ll*q'  . 
p.k  xe£1  H.S. 

P 

For  any  natural  number  n.  define 

S(Rn)  =  {♦(*)  =  h(xMx);  *  €  y(Rn)}. 

where  <p(x)  is  an  element  of  the  Schwartz  space  if( Rn)  of  rapidly  decreasing 
00 

C  -functions  on  the  n-dimensional  Euclidean  space  R  and  h(x), 

xafx^.Xg . x^),  *s  a  we*skt  function  such  that  h(x)  =  l/g(x), 

n  _ 

g(x)  a  U  ggtXj).  gQ(xi)  a  exp(— v/J^ly |p(x^-y)dy)  and  p(x)  is  the  Friedrichs 

mollifier  whose  support  is  contained  in  [-1,1].  Let  {£.;  Jal.2,...}  be  a 
countable  dense  subset  of  E.  Define 

Sin(E')  =  {4>(x]=«(<x.?1>.  <x.?2>.  —  .<x.?n>);  *  e  S(Rn)} 
and  introduce  the  nuclear  Frfechet  topology  on  this  space  by  the  countably  many 


semi-norms; 


ll$!l  =  sup  (l+!x|2)p|(^-)k(g(x)*(x))|.  P=0. 1,2 . 

xe*" 


0$k$p 


where  (-p-)k  =  2  — r— 

k.+k^+.-.k  =k  *1 
1  z  n  9x, 


kt  k,  k 
axi1  ax/..*axn 


Then  we  have  a  fundamental  space 


CU(E')  a  UC»  (E * )  which  is  the  strict  inductive  limit  of  nuclear  Fr6chet 
U  n=l  U,n 

spaces  C*  n(E*). 

For  any  integers  p  2  0,  q  £  0  and  n  2  0,  let  ®p  q  n  be  the  completion  of 

00 

C^fE’)  by  the  semi-norm  11*11  .  We  define  3J_.  a  H  $  and  introduce  a 

0V  ’  p.q.n  t  _ p.q.n 


p.q.n 


7W5 
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topology  on  2L,  by  the  countably  many  semi-norms  11*11  ,  p£0,  q£0  and  n^O 

p.q.n 


Then  Sg,  becomes  a  complete  separable  metric  space  [6]. 


Remark  1.  The  definition  of  is  independent  of  the  way  of  choosing  a 
countable  dense  subset  of  E.  We  call  a  real  valued  functional  expressed  as 
#(x)  =  ♦(<x1f1>.<x.f2>****.<x,fn>)  by  using  some  natural  number  n,  e  E. 
i=l,2,***.n,  and  9  e  S(Rn)  a  weighted  Schwartz  functional.  Let  9  be  the  set  of 


all  weighted  Schwartz  functionals,  9  the  completion  of  9  by  11*11  and 

p.q.n  e  3  p.q.n 


2)  ss  fl  9  .  where  p  £  0.  q  £  0  and  n  1  0  are  integers.  Then 

p.q.n  P,q,n 


3J  =  3>e.. 


Proof.  It  is  enough  to  show  that  <t(x)  =  ^(<x.f . >, <x. ,f_> . <x,f  >), 

i  i  z  m 

E.  ♦  e  S(Rm)  e  21 

v  7  p.c 

r  >  max  {p.q}  such  that 


f j  t  E,  ♦  e  S(R  )  e  2)^  ^  By  the  nuclear! ty  of  E.  we  have  a  natural  number 


(1.2) 


2  llh^ll2  <  » 

J=1  J  "r 


and  since  {^}  is  dense  in  E,  for  each  i,  there  exists  a  sequence  ^}. 

f 1  k  fe  {fj>  such  that 


(13) 


-  *i.k"r  *  °- 


k-H® 


On  the  other  hand,  Dn#(x)(h[q^,  hjq^ , • • • ,h|q^)  is  a  finite  sum  of  terms; 

1  *2  n 


(1.4) 


(q) 


9x 


TT  IT - ST  ♦«x.f1>.<x.f2>.-.<x.fm»<h  -;  S  > 

J  axJ2*.*axm  Ji 


1  ^*2  m 


x<h^q^  F  >***<h^q^  F  >  <h^q^  F  >  <h^q^  F  >  •••  <h^q^  F  > 

,(l),fr  ,(l)**r  ™A2)'*2?  'ftJ(2),f2>  ,(2)'V 


.0) 


,(2) 


(2) 


,(2)' 


W 

Vk-w  -v."' *.  vV *-•  v  v  v  v  v  v  v/^v-.v v;.* -v  Wv^ \ 


where  ni+n2+**‘+nm  =  n-  Since 

cP 


(1.5) 


dx 


“l  > J2  > V 

1  "*2  ••‘axm 


h(x) 


m 


£  C  exp  (2  V  |x  |  ). 
1=1 


Noticing  $(x)  =  h(x)<p(x),  <*>  e  y*(IRm) .  we  have 


-llxll_ 

(1.6)  sup  sup  e  **  max  { 

k  xeE' 

P 


a" 


-rt — r  ♦«*•«!>•  <*-V  <*■'.» 


a" 


_  ni-  "2 

axi  ax2  ••• 


dx 


n  ^^^l.k*'  ^ '  ^2 ,  k>  <X ' ^m ,  k>  ^  ^  ’ 

ID 


m 


^-i—i  n.+l  n,  . 

ax,  •••  3x,  ,  dx.  dx  ••*  3x 
1  1  x+i  m 


n  ^^l.k*  ’  <x,^2.k>* 


’  <X'^i  tk^  +  T(<x,fi>  ”  <x,^i,k>^*  <x*^i+i> 


xllxll_p,  0£t£1  ,  i=l  ,2,  •  •  •  ,m)  $  Gg. 

Setting  'f^k^(x)=^(<x.f1  k>,  <x.?2  k>  .•••.  <x.?m  k>)  and  using  (1.2)  -  (1.6), 
we  have 

lim  !!$  -  =  0. 


k_*» 


p.q.n 


which  completes  the  proof. 


Here  and  in  the  sequel,  we  denote  positive  constants  by  or.  if 

•••,  in  case  they  depend  on  the  parameters 


necessary,  by  ^(Tj  *t2»  *  *  *)  •  i=1.2. 


Before  proceeding  to  the  discussion  of  equation  (1.1),  the  following 


remarks  on  the  S£($p,  )-Wiener  process  are  in  order.  Taking  the  continuity  of 


Wp(t)  and  E[Wp(t)  ]  with  respect  to  the  parameters  t  and  F  into  account,  we 


2  2 

note  that  sup  E^-Jt)  ]  <  ®  and  sup  E[W„(t)  ]  is  lower  semi-continuous  on 
0£t£7  0£t£T 


2)p.  .  Since  8p.  is  a  complete  metric  space,  by  the  Banach-Steinhaus  theorem  we 
have  some  positive  Integers  p^.q^  and  m^  such  that 


(1.7) 


sup  E[W_(t)  j  <:  C  (T)IIFII^ 

o^t^T  J  pi,qi,nV 

Now  given  a  functional  Vt(F)  such  that  for  each  t  it  is  a  positive 


definite  quadratic  form  on  2p,  x  ,  increasing  and  continuous  in  t  and 


sup  V  (F)  £  C.(T)!IFII  for  some  natural  numbers  p.  q  and  n.  we  can 

0£t£T  C  *  P.q.n 


construct  a  fip.-indexed  Gaussian  mean-zero  continuous  process  Wp(t)  with 
independent  increments  and  variance  Vt(F)  by  the  Kolmogorov  theorem,  since 
VtAs^  ls  P°sltive  definite  quadratic  form  with  respect  to  (t.F),  t  €  [0.®), 
F  €  Sp,  .  Here  t  A  s  =  min  (t.s). 


§2.  Existence  and  Uniqueness  of  solutions  of  the  SDE 

Let  T)g  t(x)  be  a  solution  of  the  following  stochastic  differential 
equation: 


^s.tW  =  x  +  sl  A(r.TJ5  r(x))d/3(r)  +  Jg B(r,T)s  r(x))dr, 

where  P(t)  is  the  standard  E'-Wiener  process.  By  the  assumptions  (HI)  and 
(H2).  if  p  £  Pq  and  x  €  E^,  then  the  solution  of  the  above  equation  is  uniquely 
obtained  by  the  usual  method  of  successive  approximations  in  E\ 

We  will  assume  the  following  condition: 

(H4)  (L(t)F)(x)  and  (U(t.s)F)(x)  =  E[F(t7s  t(x))]  €  Sfe.  if  F  €  Sp. 

Let  Wp(t),  F  €  Sp,  be  the  S£($p, )-Wiener  process  and  L(t)  the  diffusion 


9 


Si 


iv .<»»*» ■  ^ i ' J i* 'ii' A* Ji» ,<i A1 


operator  defined  above.  Then  we  will  prove 


Proposition  1.  Under  the  assumptions  (H1)-(H4)  the  continuous  5£(S^. )-process 


n  .  _ 

solution  of  (1.1)  such  that  for  some  0<a<l,  E[ |Xp(0) |  )  <  ®  is  uniquely  given 


as  follows: 


XpCO  =  ^(t.O)^0)  +  V1*  +  J0WL(s)U(t.s)F(s)dj 


Proof.  Under  the  assumptions  (H1)-(H4),  L(t)  is  a  continuous  linear 


operator  from  3p,  into  itself.  We  use  the  following  lemma  which  will  be  proved 


later. 


Lemma  1.  Suppose  that  the  conditions  (H1)-(H4)  hold.  Then  L(t)  generates 


the  Kolmogorov  evolution  operator  U(t,s)  :rom  Sp.  into  itself  such  that 


U(t.s)  is  a  continuous  linear  operator  from  3^.  into  itslef, 

for  any  F  €  S^...  U(t,s)F  is  continuous  from  {(t,s);  0£s£t}  into  ®£. 

U(t.t)  =  U(s.s)  =  Identity  operator. 


U(t,s)F  =  U(t,s)L(t)F,  0  $  s  i  t  on  3^. 


^■U(t.s)F  =  -L(s)U(t.s)F.  Oisit.  t>0  on  3^ 


Further  for  any  integers  pIPq.  q^O.  n^O,  J^l  and  any  T>0  and  F  €  S^..  we  have 


(2.1)  IIU(  .  ’  ,s*  )F  -  U(t.s)FII^  $  C  (T.F.p,q.n){|t-f  |J  +  |s-s‘|J}. 

p»S»n  u 


0  i  s.t.s'.t*  i  T. 


First  we  will  verify  that  the  integral  in  Proposition  1  is  well  defined  by 


showing  that  for  any  fixed  F  €  S^, ,  ^(s)U(t  s)p(s)  *s  contlnuous  *n  (c*5)* 
Since  Wp(t)  is  a  Gaussian  additive  process  with  mean  0  and  variance  Vt(F),  we 


get  for  any  integer  n  ±  1, 


^Vn/vO'-/o\jkv\‘V\V\,\V 


i  «-■  i..  a.-  i.'-i. 


a 


(2.2)  E[|WF(tl)  -  Wp(t2)  I2*1]  *  Cg(T)(Vt^(F)-Vt^(F))n.  0  *  tyt2  £  T. 

We  choose  an  integer  k  £  4  such  that  2kX(mj,qj,T)  >  2.  where  and  are  the 

numbers  which  appeared  in  (1.7)  and  XJm^.q^.T)  is  the  number  in  (H3).  For 
0  £  s.t.s'.t'  £  T.  the  inequalities  (2.1)  and  (2.2)  yield,  together  with  (H3) . 


(2.3) 


(2.4) 


E<  lWL(s)  U(t.s)F(s)  "  WL(s)U(t.s)F(s)|2k3 
£  C^m^.WsMt.sJF)  -  Vs(L(s)U(t.s)F))1 


EClWL(s,)U(t,.s,)F(s')  WL(s)U(t.s)F(s 
£  C8(T)HL(s')U(t'  ,s')F  -  L(s)U(t.s)Fll*k 


£  Cg(T)(IIU(t*  ,s*  )F  -  U(t.s)FI!*k  +  IIU(t\s-)F  -  U(t.s)Fl|2k 

2kX(m  ,q  ..T), 

+  |s*-s  |  1  1  ' 

i  i  2kX(m, ,q, ,T) 

S  C10(T){lt-f|k  +  Is-s‘  |k  +  |s*-s|  1  1  }. 

The  Inequalities  (2.3)  and  (2.4)  are  sufficient  for  the  Kolmogorov-Totoki 

criterion  [25]  for  continuity  in  (t,s).  The  continuity  of  s)L(t)F^s^ 

in  (t.s)  can  be  proved  similarly. 

Now  we  proceed  to  the  proof  of  the  existence  of  solutions  for  (1.1). 

Taking  the  relation  U(t,s)F  =  F  +  jhj(T,s)L(T)FdT,  the  continuity  of 

2 

^L(s)U(t  s)L(t)F^S^  *n  T*  t*ie  llnearlty  ^.(s)  and  the  L  -continuity  of 
W#(s),  into  account,  we  have 

L(s)U(t.s)F  L(s)F  L(s)jhj(T.s)L(T)FdT 

=  WL(s)F(s)  +  ^s^L(s)U(T,s)L(T)F^s^dT' 


rs 


so  that  by  making  use  of  the  continuity  of  s)L(t)F^S^  ln  (T,s)  aSain- 

we  get 

(2-5)  ^0WL(s)U(t,s)F^S^ds 

=  4WL(s)F(S)ds  +  ❖/sWL(s)U(r.s)L(r)F(s)dT)ds 
=  J*0WL(s)F^s^ds  +  J'o^OWL(s)U(T.s)L(T)F(s)ds^dT 
=  A)^WL(t)F^t^  +  VL(s)U(T,s)L(T)F^)ds^dT 
=  “  XU(r.O)L(T)F^0^dT’ 

2 

Combining  the  L  -continuity  of  Xp(0)  in  the  definition  of  S£(Sp. )-process  and 
the  Jensen  inequality  such  that  E[ |Xp(0) £  E[ |Xp(0) |^]a.  we  get  that 
E[ |Xp(0) |^+a]  is  continuous  in  Sp,.  Hence  there  exist  positive  integers 

P2  1  Po,q2  311,1  "*2  such  that 


(2.6) 


EClX F(°)|2+a3  $  C-  .IIFH*4®  . 

F  11  P2-q2-m2 


Therefore  the  Kolmogorov  criterion  for  continuity,  together  with  the 
Inequalities  (2.1)  in  Lemma  1  and  (2.6),  yields  the  continuity  of 

XU(r.O)L(r)F(0)  ln  T’  111115  we  get 


(2.7) 


■f0XU(T,0)L(T)F^°^dT  =  XU(t,0)F^0^  "  XF(0)- 


The  equalities  (2.5)  and  (2.7)  show  that  Xp(t)  is  a  solution  of  the  equation 

(1.1). 

2 

Following  H.  Komatsu  [12],  we  now  prove  the  uniqueness  of  L  -continuous 
solutions  for  the  equation  (1.1).  Let  Y^(t.F)  and  Y2(t,F)  be  the  two 
continuous  S£(Sp,  )-process  solutions  for  the  equation  (1.1).  First  we  remark  by 
the  Baire  category  theorem  that  for  each  T  >  0,  we  have  some  natural  number 


ft* 


V.V.VAWA* 


ix* 


?i 

i»? 


P3  £  Pq'^3  "*3  such  that 


(2.8) 


max  sup  E[Y. (t.F)2]  i  C.„ 

i=l ,2  0£t£T  1 


(T)IIFII 


p3,q3,m3 


Define  v(t.F)  =  Yj(t,F)  -  Ygft.F).  Then  for  any  a  >  0,  we  will  prove 

E[v(t,U(a. t)F)2]  =  0  for  t  €  (O.a].  The  Inequality  (2.8)  and  the  strong 
continuity  of  U(t,s),  ((2)  in  Lemma  1).  yield 


*  C13(T.F)  E[( 


E[ |Vfs.Ufa.s)n2  -  v(t,Ufa.t)F)2| j 
v(.,P(...)F)-v(t.U(».t)r))2]l/2>  ,  t  €  (0  a;)  c  [0  TJ 


The  inequality  (2.8)  and  the  strong  continuity  of  L(t)  and  U(t,s)  imply  that 

(2.9)  lim  E[  |v(s>u(a«  v(^U(a_.t)F).  _  v(ttL(t)u(a(  t)F)  |2]  =  0. 

s-»t  s  "  1 

By  the  strong  continuity  of  U(t.s),  we  get  similarly 

(2.10)  lim  E[lv(s'[U(a-s)  "  U(a,t)]F)  -  v(t.[U(a.s)  -  U(a.t)]F) 

s-»t  s  ~  1 

-  v(t,L(t)[U(a,s)  -  U(a, t)]F) |2]  =  0. 


Since  L(t)  generates  the  Kolmogorov  evolution  operator  U(t.s).  we  have 

lim  E[|v(t.L(t)U(a.s)F)  -  v(t.L(t)U(a. t)F) |2]  =  0 
s-»t 

lira  E[|v(t.L(t)U(a.t)F)  +  v(t.^a,s>  ~  F)  |2]  =0. 

s-*t  8  1 

so  that  we  get 


From  (2.9),  (2.10)  and  (2.11),  we  get  the  desired  equality  claimed  above. 


Hence  E[v(t.U(a, t)F)  j  =  constant.  Then  letting  t  -»  0.  by  (2.8)  and  the 
definition  of  continuity  of  an  )-process  in  t,  we  have  the  constant  =  0. 

Taking  the  equalities  E[v(t.U(a. t)F)2]  =  E[(v(t,F)  +  v(t,[U(a.t)  -  U(a.a)]F))2] 

o  2 

and  lim  E[v(t,[U(a, t)  -  U(a,a)]F)  ]  =  0,  into  account,  we  have  E[v(a,F)  ]  =  0 

tna 

for  any  a  >  0,  which  implies  v(a,F)  =  0  almost  surely.  Thus  the  proof  is 
completed. 


S3.  Proof  of  Leona  1. 

As  in  [20],  [21],  we  will  treat  the  generation  problem  via  the  stochastic 
method. 

For  any  F  in  we  recall  the  definition  of  U(t,s): 


(U(t.s)F)(x)  =  E[F(ns  t(x))]. 

To  examine  that  U(t,s)  is  the  evolution  operator  stated  in  Lemma  1.  we 
will  check  some  regularities  and  integrabilities  for  tj  (x).  It  is  obvious 

Si  t 

that  if  p  2  pn  and  x  €  E'.  tj  ..(x)  €  E'.  so  that  for  h  €  E‘  .  rj  fx+h)  €  E’  , 

U  P  S ,  v  P  p  .  S,  t  Pj- 

*  D 

where  p^  =  p  V  p^.  Here  a  V  b  =  max{a,b).  Following  Kunita  (p.  219  of  [13]). 
we  will  show  that  f  (t)  :=  (x+Th)  -  q  (x)}  has  a  continuous  extension 

®l  V  T  S  •  l  S »  t 


at  t  =  0  for  any  s,t  a.s.  in  E’  .  This  can  be  proved  by  appealing  to  the 

p5 


Kolmogorov-Totoki  criterion  for  continuity  [25]. 


Lemma  2.  For  any  T>0  and  any  integer  J  1  1,  we  have 

E[»f5-t(T)  -  f..  t.(T-)»^  ]  i  C14(T.h){|,-,'|J  *  |t 

0  i  a.s\t,t\T,T'  i  T. 


f|J+jr-T*|J}. 


First  we  will  show  the  following  inequality.  Let  A(r)  be  a  well 


measurable  random  linear  operator  from  El  to  E*  such  that 


E[.f*  |  A(r)  |  2 dr]  <  00  ■  Then  we  have 


Lemma  3.  For  any  Integer  j  £  1, 


E[ll/'A(r)<ip(r)ll?J  ]  i  C15(  j)E[(j' J  A(r)  1  *dr)J]. 


Proof.  Let  (*.*)  be  the  inner  product  in  E'  such  that 

~P0  P0 

(x.x)  =  Hxllf  .  Setting  0(x)  =  (x,x)J  and  y(t)  =  J*A(r)d0(r)  and  applying 

po  s 

* 

the  Ito  formula.  (Kuo  (15]),  for  9(y(t)),  we  get 

(3-1)  E[lly(t)l|2J  ]  =  i.E[jSrace  D20(y(r))o[A(r)xA(r)]dr] 

p0  44  ^0 


=  ^EC/s  121<22J^"1)(y(r)-A(r)hi0))?p  l|yCr)»^J_2) 

+  2jllA(r)h{0)ll2  lly(r)ll2(J_1))dr] 

1  "po  -po 

*  (J+2j(j-l))E[J*I  A(r)  |  2»y(r)H^J"1)dr]. 

s  *  p0 

By  Holder's  inequality  and  the  martingale  inequality,  the  right  hand  side  of 
(3.1)  is  dominated  by 

( J+2J(  j-l))E[  sup  lly(r)ll2£  ]J_1/JE[(.f*  |  A(r)  |  2dr)J]1/J 
s£r£t  p0  s  2 

1  (2j2-J)(2j/(2J-l))2^'1)E[lly(t)ll2J  ]J"1/J  ECU*  |  A(r)  |  2dr)J]1/J . 


which  completes  the  proof  of  Lemra  3. 


Proof  of  Lemma  2.  Now  for  the  convenience  of  notations  we  will  write 
dt  =  d/30(t).  d0(t)  =  d/J^t).  A0(t,x)  =  B(t,x) ,  A^t.x)  =  A(t,x) ,  ■•«0=,I*II-F 

^  Without  loss  of  generality,  we  may  assume 


mt.Ui 


,t^.r 


1 


0  £  s  <  s'  <  t  <  t*  £  T.  Then  f  (t)  -  f  ,  (t‘)  Is  a  sum  of  the  following 

S  *  w  S  |  b 


terms: 


(3.2) 


*^<'K<r’fs.r<T'y>><^.r<T»dy>d<Vr> 


where  Cs  r(r.y)  =  Vs  p(x)  +  y(rjs  r(x+rh)  -  T)g  f(x)) 


(3.3) 


■DAk(r*fs*.r(T,'y))(fs*.r(T'>)}dy)d/3k(r>- 

By  Lemma  3  and  the  assumption  (H2).  the  expectation  of  the  2j-th  power  of  the 
II * II  -norm  of  (3.2)  Is  dominated  by 

-p5 

C16  l  E[(J^"J0DVr-f»,r(T'y)){fs.r(T))dy  ■kdr>Jl 

i  C,7  I  1  *  *  |  J-'eU*  '  Mf  3  r (r)  . 

Again  using  Lemma  3,  assumption  (H2)  and  the  Gronwall  lemma,  we  have 


(3.4) 


which  Implies 


E[»is,t<’‘>-Vt<y)"-L]  i  cis "*-y"-L'  *  y £  EP 


(3.6) 


Et^'  *f,.r(T>"-Ldr]  i  C18llh"-p  Is'-3' 


Since  the  integrand  In  (3.3) 

■  4  °V'.r5.rCT.y))(f,,rW  -  E,'.r<T»dy 

*  X0  (4^Vr>Vs\r(TlT’>yl>,(l:».r(T>y>  •  f,'.r(r'.y))dyl)(fs.  ,r(T')>dy. 

Where  Ys\r(T’T‘*yl)  "  Cs\r(T'*y)  +  yl^s.r(T*y)  "  Cs\r<T‘*y»*  the 
■•■^-norm  of  the  Integrand  Is  dominated  by 


(3.6)  C19  (llfs  r(r)  -  fs..r(r’)«_p5+(llns>r(x)  -  V  >p(x)l.^ 

+  llnsr(x+Th)  -  T|s  .  r  (x+T  •  h)  II  )  Ilf  s  •  #r  (T  •  )  II  }  . 

b  5 

By  Lemma  3  and  (3.6),  the  expectation  of  the  2j-th  power  of  11*11  -norm  of 

"p5 

(3.3)  Is  dominated  by 

(3.7)  S>tf‘.E[llfs_r(T)  -f,'.r(T')»?J  V' 

D 

*  ^•S[»’IJ.rW  -  "s’.rW,il1/2EW,'.r(,')'^1/!ir 

D  b 

+  J,s<ECll7Js.r(x+Th)  -  7»s1,r(x+T,h)ll-p  ]1/2ECllfs.fr(T')ll-p  - 

5  S 

From  the  assumptions  (HI)  and  (H2) ,  *e  get 

■y-VrOO)  -  C2l'",s.r(*)  ‘  V. 

and  taking  the  expectations  of  the  2n-th  power  of  both  sides  of  11*11  ^  -norm  of 
the  following  Inequality; 

"Vt<x>  -  V.f(x')"-p5 
<  III  Sl\(r.r,t  T(*V dPk(r)»-Ps 

♦  HI /J'Vr.n>.  r(x-))dpk(r)«_ps 

*  “  ‘  Vr'V.r(x')»d|Vr)"-p,- 

K  b 

we  have,  by  Lemma  3,  similarly 


1  C^rndt-t'l"  +  |s-sT  +  ^s^^s.r^'^s'  ,r^x '^"-p  Jdr>* 

Noticing  that  tj  (x)  =  tj  ,  {77  ,(x))  and  tj  ,  (•)  Is  Independent  of  17 

"1  r  s  t  r  s  1  s  s  ,r  s ,  i 

and  using  (3.4),  we  get 


E[«ns  r(x)  - 


’>s'.r<x'iC]  =  /e'  EC<v.r<y>-v.rc*-)»5  3po,.s'tx)£dy) 

5  p5  5 


*  4-  c23ny-x,%  p(ns  s  (x) €  dy) 


=  C23E[II^  ,.(x)  -  x'll^  ] 


$  C94{llx-x‘llf”  +  |s*-s|n}. 


where  P(*)  denotes  the  fundamental  probability  measure  associated  with  /J( t) 


Hence  we  obtain 


(3.8)  E[lh7s  t(x)  -  T7g.  t.(x')ll^  i  C^TH  |t-t‘  |n+  |s-s*  |n+llx-x* II?"  } . 
Combining  (3.2),  (3.3),  (3.4).  (3.5),  (3.7)  and  (3.8),  we  have 

o 

i  C^TjlIhll^  { I t-t’  |J  +  |s-s’|J  +  (t-t' |2jllhll2j  }. 


This  completes  the  proof  of  Lemma  2. 


Let  t  tend  to  0,  we  have  for  each  x  €  E’, 

P 

(3.9)  Dns  t(x)(h)  =  h  +  2  I]  D\{r,va  r(x))(Dns  r(x)(h))d0k(r) . 


irw.i 


1 


For  the  higher  order  differentiations,  the  formula  similar  to  (3.9)  can  be 
proved  inductively,  together  with  the  following  lemma. 

Lemma  4.  Suppose  that  a  natural  number  q  ^  p^  and  any  T  >  0.  Then  for 

0  £  a.t.s’.t'  £  T,  a  natural  number  j  and  x.x’ ,h.  €  E',  1=1,2, •••.n,  we  have 

1  9 


(3.10)  E[IID\  t(x)(h1.h2..--.hn)ll?^  $  C27(T)llh1»?J|lh2ll^...|lhn»?J. 

(3.11)  E[IID">)s  t(x)(hI.h2,....hn)  -  D\.  t.(x')(h1.h2..--.hn)»^] 

i  C.a(T){|t-f|J  +  |s-siJ  +  lix-x'll2J}  llh1ll2jllh0ll2J***llh  II2J  . 
la  -q  1  -q  z  -q  n  -q 

Proof.  First  we  will  show  (3.10)  for  the  case  n=l.  By  the  assumptions 
(HI)  and  (H2) .  we  get 

,Mk(''',.rW)l\.rM(l’))\  ‘  C29IIDVr<x><h)V 

so  that  taking  the  expectations  of  2j-th  powers  of  11*11  norms  of  both  sides  of 
(3.9)  and  using  Lemma  3,  we  get 

E[»DT7Sft(x)(h)ll^]  *  C30(T){!lhll^  +  Si  E[IIDns  r(x)(h)ll2J]dr) 

and  the  Cronwall  inequality  gives  (3.10)  for  the  case  where  n=l.  For  n  )  2,  we 

will  prove  the  inequality  by  mathematical  induction.  For  h, ,lu,***,h  €  E*. 

l  Z  n  q 

(B\.t00)(hr>y  — •»„>  -  l 


Since 


(3.12) 


“"(V-v  r(x)))(h1,h2, *•• ,hn) 

=  DAk(r'T}s,rWHD\,rW(hrh2-,,,-hn» 

+  finite  sum  of  terms  of  the  type 


§»* <»'  (j 


.  JWnWJWVJVJVWWJULV^WVJVT«*.  ’  W WnrcWKTWJ WJ  WTWWUVrJVJ  VTWJV.W 
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(D\(r.ns  r(*)>)(D  ‘Vr<x>(h,(iy  \(l)-‘"’h,(l)>’ 

h  J2  Jn, 


o\  ,r(x)(h 


(2)*h.(2)**“*h  (2)),“*,D  Vr^1*  (m)’  h.(m)‘“*>h  (m)^1 
J1  J2  ^  J1  J2  Jnm 


where  2  £  m  <[  n,  +  1*2+***+^  =  n  and  0  £  £  n-1,  so  that  using  the 

inductive  assumption,  we  get  (3.10)  by  the  same  argument  as  before. 

Before  proceeding  to  the  proof  of  (3.11),  we  note  that  for  h  €  Eq, 

IIDn  (x)(h)-Dn  .  , (x‘ )(h)ll_  is  dominated  by 

(3.13)  2  IIJ*,D(Ak(r.rjs  r(x)))(h)dPk(r)ll_q 

♦  2  H/J,D(Ak(r.r,s.  r(x1)))(h)dPk(r)ll_q 

♦  2  H/3.{D(Ak(r.T,s  r(x)))(h)  -  D(Ak(r.T,s.  r(x’)))(h))dPk(r)ll_q 

Now.  by  the  assumptions  (HI)  and  (H2),  we  have 

(3.14)  ■D(Ak(r.T7s  r(x)))(h)-D(Ak(r.ns.  r(x*)))(h))-k 

S  -{Dyr.^  r(x))-DAk(r.T7g.  r(x')))(Dns  r(x)(h))«k 

♦  ■DAk(r.ns.  r(x*))(Dns  r(x)(h)-Dns.  r(x)(h))«k 
^i(T)(^9.r(x)^,,.r(x*)HVi>nStr(x)(h)ii.q 

♦  HDn,  r(x)(h)-Dr,s.  r(x,)(h)ll_q). 

Hence  from  (3.8),  (3.13)  and  (3.14)  we  have 

EC»0ns  t(x) (h)-Dns .  t .  (x* ) (h) ii^] 


PWWSmWVMUMI  JJ W  U'.  JL  U  J  «  J  H  J  .UU U'l  1 1 
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i  c32(tH(  lt_t‘  lj  +  |s-s*  |J+llx-x,ll^)llhll^ 

+  Si .E[ HDtjs  ( t(x)  (h)-Drjs .  r(x * ) (h) llf^dr} . 

which  gives  (3.11)  by  the  Gronwall  lemma  for  the  case  n=l .  By  (3.12)  and  the 

estimation  of  IIDnn  (x) (h,  ,h_,  •  •  •  ,h  )-Dnn  .  .  (x)(h.  .hn.  •  •  •  ,h  )ll  similar  to 

s  a  t  i  4  n  s  i  l  i  z  n  q 

that  in  (3.13),  mathematical  induction  and  the  Gronwall  lemma  yield  the  proof 
of  (3. 11)  for  n  ^  2. 

For  the  proof  of  the  generation  problem  of  L(t)  we  proceed  as  follows.  By 
the  assumptions  (HI)  and  (H2).  (3.8)  and  (3.10)  of  Lemma  4,  we  may  exchange  the 
order  of  the  differentiation  and  the  integration.  Then  by  the  Ito  formula 
[15],  we  have  the  polntwise  Kolmogorov  forward  and  backward  equations  as  in  the 
finite  dimensional  case  (Theorem  1  (page  73)  of  [7]): 

(U(t.,)F)(x)  =  (0(t.,)L(t)F)(x) 

^  (U(t.s)F)(x)  =  -(L(s)U(t.s)F)(x). 


Let  p  i  0.  q  £  0  and  n  ±  0  be  integers  and  x  €  E’.  Since 

P 

Dn(F(ij  f.(x)))(hJq\h[q\ •••  ,h(^^)  is  a  finite  sum  of  terms  of  the  type 
S,t  X2  n 

i  =  tfYOi. ,t(x»(D\ ,t(xKh(j!).k%.-.k%).  »\.tw 

J1  J2 


(h^  h^»  •  ••  h ^  1  •••  D  mn  (xlfh^  •  ••  h^ 

in.(2),n.(2)'  ,n  (2)'*  T7s.tlxnn.(m),n.(m)*  ‘“(m)"’ 

J1  J2  ^  J1  J2  Jnm 


nl  +  "2  +•*•+  nm  =  n. 


so  that  from  the  nuclearity  of  E  and  (3.10),  we  have  an  integer 


2  2  2"\  t^X^!l-a  ’  nl 

/  iirii'*5  rr^  s,t  h  nn  1 


(3.16)  E[|in  <  IIFir.,q.  nE[e 


•  ••  111^  IID^t?  fxlfh^q^  •••  h^q^  111^  ••• 

•  Al))  -q‘  1,8.tWlft.(2),n  (2)'  «(2)J  -q* 

Jn1  J1  J2  Jri2 

••♦IID  mTi  fxlfh^q^  •••  h^q^  111^  1 

"U  17s.tlxnn.(m),n.(m)’  *  ,(■)'  -q,J 

J1  J2  Jn 


T’s,tW(h|(l),h|(l)' 
J1  J2 


i  c__iiFir 

33  q 


.  .  Ilhjq) II2  . HhJq) II2  .  —  l!hjq)ll2  lE[e4llT7s,t(X)ll~q’]2. 

.q  .n  ij  -q  i2  -q  "8 


Here  we  will  prove 


Lemma  5.  For  any  a  >  0  and  T  >  0,  there  exists  a  constant  C34  =  C34(a,T) 


such  that 


sup  E[e 
O^s.tST 


allq  rX)ll  ,  allxll  , 

s  •  t  '  ~q  -iff*  _  -q 

!  J  *  W4e 


Proof.  By  (HI),  IItj  (x)  II  .  $  llxll  ,+C„+ll/V(r.qH  fx))dj3(r)ll  . . 

Following  [8],  It  Is  enough  to  prove  E[exp(ll/taA(r,q  (x))d/3(r)ll  ,)]  £  C—,. 

s  •  r  “tj  *3o 

t  ^ 

Setting  y  (x)  =  J  a A(r,q  (x))d/3(r),  by  the  Ito  formula  and  the  assumption 

9  •  w  9  s ,  r 


(HI),  we  get  for  any  Integer  tn  £  2, 


(3.17) 


EHyiitW»V]  *  E[(^»ySit(x)ii?q.)m/2] 


$  E[1  ♦  jJ  |{2|( l+!lys ^ r (x) II*  .  )*  «iJ|A(r.qs  r(x))|  ^ 


—1 

2  .2  2 1 


J*  V  jl"  ■  •»"»’-“»  *>  “  m  ■>  ■  m  •  «>>  .  ■  »  *  <  *  ,  '  _  »  M  *  -N  „  *  A  u»  M  *  p»  .  *  ■  "  A  „  »  k>  «'*  k,V  l 


Sw: 
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+ 


_  _  1 

$  1  +  2(|)2a2C37^E[(l+llys  r(s)ll?ql)2  ]dr. 

A  A 

where  C__  =  sup  |  A(t.x)  |  0  and  llxll  .  =  (x.x)  ,  .  If  we  use  (3.17) 

x€E‘  -q  -q 

0£t£T 

recursively,  the  rest  is  similar  to  the  argument  in  [8],  which  completes  the 
proof. 


Therefore  (3.15),  (3.16)  and  Lemma  5  yield 


"U('-s>F"p.q.n  *  Ss<T>"F",\q\n  •  '•*  C 


which  implies  that  U(t.s)  is  a  continuous  linear  operator  from  9^,  into  itself. 

In  the  same  way  as  in  [21],  if  we  prove  the  strong  continuity  of  U(t,s)F 
in  (t.s),  the  pointwise  Kolmogorov  forward  and  backward  equations  imply  that 
L(t)  generates  the  evolution  operator  U(t,s).  Since  IIU(t.s)r  TJ(t' .s' )FII2^q  n 
is  dominated  by  a  finite  sum  of  terms  of  the  type 


-2  j  llxll 


sup  e 

x€E* 

P 


-P 


«(1)  jCi)  „ 

J1  ,J2 

(m)  (m)  *  . 

jj  .J2 


*  Jm 
m. 


..  >) 

,Jn 

m 


fh^^  h^^  •••  1  D^n  ...  ufa)  1  ••• 

<0) ’  <(!) *  <(1)'’  °  Vt(x)th.(2),h.(2)'  '”,(2)' ‘ 

J1  J2  Jnj  J1  J2  Jn2 

D\.t(x)(h^)-  '  ■>%,..t.(x))(D\.t.(x) 

J2  Jn 


•••  }  D  T7  v(*l)  ...  1 

i(0’  «(!)*  ,h.(l)J‘  “  V.t,wl"  (2),h.(2)*  ,h.(2),> 

J1  J2  Jni  J1  j2  \ 

...  D  mn  fxlfh^^  •  ••  11  l^j-i 

•u  ns.  t.l xjift  (m).h  (m).  -n  rm)l) I  J* 

J1  J2  Jn 


so  that  by  (3.8),  Lemmas  4  and  5  and  the  nuclearity  of  E,  we  have 

IIU{t,s)F  -  U(f..)F»^q  n  S  C39I1FH^  q.  nM{|t-f|J+|S-s'|J). 


This  completes  the  proof  of  Lemma  1. 


S4.  Generation  of  the  Kolmogorov  Evolution  Operator 

In  this  Section,  we  will  discuss  assumption  (H4).  Let  K  be  a  separable 
Hilbert  space.  We  call  a  K-valued  functional 

C(x)  =  g(<x.f1>.<x.f2>,*-.<x.fn>).  f  j  *^2*  *  *  *  ’^n  €  E>  a  smooth  functional  if 
g(x):  En  -»  K  is  a  c"- function.  Further  we  call  G(x)  a  bounded  smooth 
functional  if  g(x)  itself  and  all  the  derivatives  of  g(x)  are  bounded.  The 
coefficients  A(t.x)  and  B(t.x)  are  said  to  be  approximated  by  bounded  smooth 
functionals  on  E'  if  for  any  integers,  p  p^,  q  £  0  and  n  2  0.  there  exist 
sequences  of  bounded  smooth  functionals 


Am(t.x)  =  ^x-f  j>* <x>f2>’  ’ **  '<x,^k  ^ 

m 

and 

Bns(t*x)  =  bm(t.<x.f1>.<x.f2>i«««.<x.fk  >) 

m 


such  that  the  following  conditions  are  satisfied: 


(4.1)  An(t,x)  and  Bffl(t,x)  satisfy  the  conditions  (H^),  (Hg)  and  (H^) . 


(4.2) 


For  any  T  >  0, 
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n 

lim  sup  |  A(t,x)-A  (t,x)  |  9  =  0. 


m-*°  x€E  ’ 

P 

0£t£T 


lim  sup  IIB(t,x)-B  (t,x)ll_  =  0, 
mnco  X€E'  m  p0 

P 

0£t£T 

lim  sup  IID^Aft.xl-D^A  (t.x)!!^!  =  0.  k=1.2,  •••  ,n, 

_  rri  m  n.o. 

m-*°  x€E 

P 

0£t£T 

lim  sup  IID^B(t ,x)-D^B  (t.xJIlA^  =  0.  k=1.2,***,n. 

,r i  m  H. a . 

nn°°  x€E 

P 

0£t*T 

Proposition  2.  Suppose  that  the  coefficients  A(t,x)  and  B(t,x)  are 
approximated  by  bounded  smooth  functionals  on  E‘ .  Then  if  F  e  , 

U( t , s)F(x)  =  E[F(77s  t(x))]  e  2>e<  . 

Proof.  It  is  convenient  to  use  the  notation  A^t.x)  =  B(t,x)  and 
Ajft.x)  =  A(t,x).  For  any  integers  p  1  0,  q  £  0  and  n  £  0,  we  choose  an 
integer  q'  >  max{p,pQ.q}  such  that 


(4.3) 


I  »h$q'»2  .<  *», 

j=l  ■> 


since  E  is  a  nuclear  FrAchet  space.  Then  by  the  assumptions,  for  any  0  <  6  <  1 
and  A^t.x),  k=0,l,  there  exist  bounded  smooth  functionals 

*v 

A^t.x)  =  aJ{(t,<x.C1>.<x.f2>.*»»  ,<x,C  >),  k=0,l  such  that 

K 


(4.4) 


2  sup  IID\(t.x)-DiI  (t.x)!!^  <  6 

£=0  x€E'.  K  K 

q 

0<[t£T 


For  sufficiently  large  N,  we  put 


lWi,TVi.r»,n 


Vt<x>  -*♦*: 

••.x*2J-'N"1VtN'x)dVtN»'"’dVtl^ 

k 

Setting 

;<")(*)  =  x.ix'vt1.x»i;'1Zk(t2...-.x»ir‘"-1Ik(tn.T,s>t(x))dpk(tn))...)dpk(t1). 

ic  K  k  n 

n=l,2,»*»,N.  where  tg=t.  by  Lemma  3,  we  have  for  any  x  €  E^,  0  £  s.t  £  T  and 

any  Integer  J  £  1. 

(4.S)  EC«n5[(x)-z2it(x)»^.] 

S  22J'1E[«n,  t(x)4'|)(x)ll^.] 

♦  I  (22J‘1)kE[llz‘k;1)(x)-z^>(x)ll^.] 
k=2 

+  (22J-1)NEC H^N>(x)-z«  t (x)  11^ . ] 

i  (22J-1)252*,RT  +  2  (22J_1)2kM2^k“1^62jRlcrk/k! 
k=2 

♦  (22J-1)2N  rn  22^  mW/ni 

i  62Jexp(22^2J‘1)R(MVl)2%)  +  (22j_1)2NRN22JM2jNTN/N! . 

where  M  =  max  max  sup  IID^Al.  (t.xJllJ^L^  and  R  =  C1{-(J)T^  *  +  T2^  * .  Hence 
k  0£«n+l  x€E^.  * 

0£t£T 

for  any  e  >  0,  If  we  take  sufficiently  small  6  and  large  N.  we  have 


(4.6) 


sup  ECHti  (x)-z*[  (x)II^,]  <  t. 

x€Ep  S,C  S,t 


Next  we  will  verify  by  mathematical  induction  that  for  any  integer 


IV*. 
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1  $  k  £  n  and  any  e  >  0.  there  exists  an  integer  N(k,e)  such  that  if 
N  l  N(k.e), 


(4.7)  E[IIDk-  .(x)(h5q).h{q)t--..hSq)) 

s.t  lj  i2  ik 

-  DV  t(x)(h(q),h(q).....h(q))t^.]  <  e. 
s.t  i2  ik  -q 


For  any  e'  >  0,  (4.5)  gives  that  if  we  take  sufficiently  small  6  and  large 
n(e’),  then  for  any  N  £  n(e‘) 


(4.8)  sup  E[IIt7s  t(x)  -  <  e*. 


xtE 


Here  we  need  the  following  lemma  for  later  use.  In  a  manner  similar  to 
that  in  the  proofs  of  (3.10)  and  Lemma  5.  we  get 


Lemma  6.  For  any  integers  q  £  pn,  J  )  1,  n  )  1  and  any  T  >  0,  we  have 


(4.9) 


sup  E[IIDnz*  (x)(h  1.h2.--*.h  )ll^] 
O^s.t^T  S,t  1  *  n 


i  C40(T)llh1ll^llh2ll^--*l!hnll^.  x.hj.i  =  1.2. •••.n  €  E^, 


For  any  a  >  0  and  T  >  0, 


N 


allxll 


(4.10) 


allz  (x)  II  _ 

sup  E[e  s,t  i  C41e  "q 


O^s.t^T 


For  any  f  €  E  and  any  a  >  0  and  T  >  0,  there  exists  ,a,T)  such  that 


(4.11)  sup  max{E[exp(o>/|<Tj  t(x).f>|)].  E[exp(o>/|<z^  (x).£>|)]} 

O^s.t^T  8,1  8,1 


i  C^exptoV^x.  f>|). 


Setting 


S 


! 


y«  t(x)(hi  ) 

a.  t 

■  "if  * 

t  w«H.,  (x)^,))dpk(tn))-)dffk(t1). 
k  m  ml 

-  hif  *  f.Sc«tl-<;l1(It>»h4>^1D^(t2.x^2(x))(h^ 

W(^>)Wk(tj)...)d)3k(t1) 
K  rami 

and  taking  N  2  n  +  n(£').  we  have  by  Lemma  3,  (3.10)  and  (4.9). 

ED'Du,  t(x) (h^)-^”  t(x) (h[q)) .  ] 

S  22J_1E[ IIDn, >  t(x) (h<q> )-y  *  ;^(x) (h[q) ) .  ] 

+  (22J_1  )2E[  IlyJ  ;”(x)  (h<q>  )-z*  ; ”(x)  (h[q)  )  11^ .  ] 

+  “l1  {(22J"1)k+2E[llz^”(x)(h[q))-y^+J'N(x)(h[q))ll2J  ] 
k_i  ».t  ij  a.t  ij  q 

♦  (22j"1)k+3ECIIyk+J'N(x)(h{q>)-zk+[*N(x)(h(q^)ll2J  ]} 

+  (22«,_1)DH'2E[llz;^(x)(h(q>)-DzJ  ft(x)(h{q))H^.] 

i  C43(h[q^)(52j(22j_1)2RT  +  t*(22J-1)3  M^RT 

♦  °21  ((22J"1)2k+362JRk+1H2jk 


+  (22<J“1)2k+4  6,R*C+1M2^k+1^)T^C+1/(k+l) ! 
+  (22J-l)2m+2RmM2jnYn/m,} 

$  C^(62i  +  e'  +  (22J~1)2^2Rn^JmTm/m!). 


which  gives  (4.7)  for  k=l  If  we  take  sufficiently  small  5,  e'  and  large  m.  We 
assume  (4.7)  holds  for  integers  l£k£l. 


Since 


D*+1(Ak(r>T,s  r^x^^hiq^,hiq^**’,hiq^  ) 
k  s.r  i2  *€+1 

=  DAk(r.T7s  r(x))(D^+1T,s  r(x)(h[q).  h[q)..“.h[q)  )) 

X  2  ^  X 


+  finite  sum  of  terms  of  the  type 


D\(r''>s.r()t))<D\.r(»){h'o),h(,(l)--'h'(!,)- 

J1  J2 

D  qs .  r (x)  (2)  ,h(  (2)  *  *  *  *  ,h ^(2) *  *  *  *  *  * 

J1  J2  ^ 

D  Un  fxlfl/q^  h^q^  •••  h^q^ 
ns.rWil*  .(u),h  ,(u)*  ,h.(u)"* 

J2  Jn 


where 


2  $  u  £  €+1.  ni+n2+*’,+nu  =  *+l.  (h^5|».  i=1.2,*»«.u)  =  (h^q\  j=l .2. • • • .f+1) 


t(x)(h[q).h(q).---,h[q)  ) 
#,t  l2  'l+l 
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=  2  I1  D*+1(A^r.T,s  r(x)))(h<q),h<q).-.-.h<q)  )dPk(r). 
k  S  x  s.r  lj  i2  >|+1  k 

so  (4.7)  for  k  £  2  can  be  proved  similarly. 

Since  F  €  9^,  ,  for  any  0  <  e‘  <  1,  we  have  a  weighted  Schwartz  functional 
F(x)  =  f(<x.f1>,<x,f2>.***.<x,fm>)  such  that 


(4.12) 


n+1 
2  sup  e 
k=0  xCE‘ . 


Ilxll _ _  ,  ,  fn'\ 

" q  IIDk(F(x)-F(x))llJj<y  <  t.  * 


Then  to  prove  Proposition  2,  it  is  enough  to  show  (U(t,s)F)(x)  is  approximated 

by  weighted  Schwartz  functionals  in  U*ll^q?,  0  $  k  £  n.  Since 

P  •  K 

D^(F(t]  ,(x)))(h^q^ ,h[q^ . • • •  ,h(q^)  is  a  finite  sum  of  terms  of  the  type 

s.t 


(4.13) 


Jh(q)  h(q)  •••  h(q)(T?s>t(X)) 
ll  *2  *k 


=  ouF(’>,.tW)(o\.t(x)(H^).h‘’}).-.hW)).  »\itM 

J1  J2  Jnj 

fh^q^  h^q^  •  ••  h^q^  1  D  un  fxlfh^  h^q^  •  ••  h^q^  11 

in  (2)*n  (2)’  ,n.(2)3’  ,U  qs.tW^  {u).n  (u).  *n  (u)"* 

31  32  Jn0  31  32  3n 


where  0  $  u  $  k  and  ni+n2+* * *+nu  =  k.  so  that  setting 


(4.14) 


ll  *2  lk 


=  DU?(x^t(x))(Dni/  t(x)(hfq)).h(q}).....h(q))).  dV  [(x) 

31  32  3i 


fh(9)  h^q^  •••  h^q^  1  •••  D  Uz^  fxlfh^q^  h^q^  •••  h^q^  1 
(2),h  (2)*  *"j(2)  *  ,D  Vt<*Hh  (U).  h  (u).  ,h  (u)). 

31  32  Jiu  31  J2  3n 


we  see  that  (IIU(t.s)F-E[F(z  «.(•))]*•!  v)  is  dominated  by  a  finite  sum  of  terms 

i  P • K 


of  the  type 

-2llxll_ 

(4.15)  C4(.  sup  e 


i  ,  i  .iEC|Ih(<>>  h(<>> ...  h('i><T's''(x)) 

1*  2*  *  k  nl,  ,ni„  •  *ni. 


1  2 


Jh(«l)  s(q)  ...  h(q)(2s.t(x»l2] 


ll  *2 


— 2!Jxll_  « 

i  C4r{suP  •  ~P  2 


x€E’ 

P 


1  i  •  •  •  1  jl 

l,l2*  ,xk  1 


2Hrj  (x)ll  .  n. 

E[e  s*t  (e* )2IID  ln  (x)( h{q}, 


(e* )  "D  \>t(x)(h ^ 


hj(  »  )  •  *  *  *  •  hj  t  X  )  "?q  •  ,,d"2t»s  .  t(x>  (h ,  t2J  • h* (2)  •  *  *  *  • h ,  ( 2) )  • 

J2  \  Ji  J2  Jiu 


n«.tW(h ,(u),h  .(U)*  ,h1(u))ll-q,J 

J1  J2  Jn 


-2llxll_ 

+  sup  e  ** 

x€E ' 

P 


1  ‘2 


-Jh(o)  hW  ...  h(q)(l".t(x))l 

1  X2  *k 


Lemmas  5  and  6  and  (4.12)  give 


(4.16)  sup  e  "Pmax{E[(IIDUF(z”  (x))llJq„))2]1/21E[(IIDU+1F(zN  fx) 
x€E‘  8,t  n-a-  s*c 

P 

+  T(T,s.t(x)~Zs.t(x)))llHqs?)23l/2}  i  C47(T)‘  0  i  t  i  1.  0  i  s.t  i  T. 

Hence  from  (3.10),  (4.3),  (4.16)  and  Lemma  5,  we  have  constants  C^g  and 
Independent  of  e',  and  for  any  e  >  0,  a  natural  number  N_  such  that  (4.15)  is 


dominated  by 


No  1 

r.lll*  IIT*  x 


(4.17)  e/3  +  C^gt'  +  C^g  r  E["TJs>t(x)-z‘s’  t(x).l!q.IIDX.t(x)(h  ^) 

1l’12’***’1k=1  h 

h(<0  ...  vOl)  111^  •••IIDutj  fx!fh^q3  h^q3  •  ••  h^q3  lll^ 

h1(l)‘  ‘\(i)3  V  VtWH)'  *01)-  -h  (u)^-q* 

J2  Jn]L  J1  J2  Jnu 

♦  f .i®”1’!!  .»w(h‘(i)-h(1{i)---h<.{i)),^--®Vl*!I  .tW(h‘(li)- 

r-i  Jj  J2  Jn  J1 

vfa)  . ..  h^q3  ||D  Tn  fxlfh^q3  h^q3  •  ••  h^q3  1 

h  (r-1)*  *h  (r-l))nVD  \tWlh1(r}-h1(r)’  *h  (r)^ 

J2  Jn  J1  J2  Jn 

r-1  r 

-  D  rzN  fxlfh^3  h^q3  •••  h^q3  111^  IID  r+*n  fxl(h^q3 
D  s.tlx,lh.(r)-h.(r)-  ,h.(r)JU-q,IIU  V  tlxKh  .(r+1)  * 

J1  J2  Jn  J1 


h^**3  ...  h^q3  lll^  •••IIDun  fxlfh^q3  >/q3  •••  h^3  1112  1 

.(r+1)*  '".(r+l)3  -q'  110  ns,tlx3lh.(u)'h.(u>*  *h  .(u)3"-q*  J‘ 

J2  Jn  J1  J2  Jn 


Therefore  noting  (3.10),  (4.6),  (4.7),  (4.9),  (4.15),  and  (4.17)  and  taking 
sufficiently  small  e',  6  and  large  N,  we  obtain 


-Hxll_  . 
sup  e  pIIDK 

x€E’ 

P 


((U(t,s)F)(x))-Dk(E[F(z”  t(x))])l^q3  <  e. 


The  rest  Is  to  prove  that  E[F(zn  (x) )]  Is  a  weighted  Schwartz  functional.  Of 
course  E[F(z^j  t(x))]  =  #s  t(<x,f j>, <x,f2>, • •• •<x.fm>.<x.Cl>. <x.C2>. *** • <x.C^>) 
is  a  smooth  functional.  To  prove  g(x)$  (x)  €  Sf(IR^+ra).  by  the  Leibniz 

S 1 1 

formula,  it  is  sufficient  to  examine  the  finiteness  of 

sup  (l+|x|2)n|(^)rg(x)(^)%s  t(x)  |,  for  any  integers  O^r.k^n. 


By  the  expression  (4.14)  of  Dk(F(z”  t(x)))(hjq\hjq) ,  •  •  •  ,h[q^) .  (4.9)  and  the 

ij  i2  ik 


fact  that  f(x)  =  M*M«).  x  €  Rra  and  |(^)rg(x)|  i  C^ex p(-  2  VJxjj).  it  is 


enough  to  show  the  finiteness  of 


(4.18)  sup(l  +  2  <x,f  >2+  2  <x,:.>2)nexp(-  2  V|<x.f.>|  -  2  V|<x.C«>|) 
Q  1=1  1  j=l  1  i=l  1  J=1  J 

x  E[(h^(zN  t(x))^u)(2N  t(x)))23l/2 


where 


Q  =  (x: (<x.f 1>.<x.f2>, • • • , <x.fm>, <x,C1>, <x.f2>, • • • , <x.C^>)  €  r+m). 
h(4)(*)  =  (jjAt*).  »(l,,(«)  =  *  e  5t". 


?U)(/.t(x))  =  t(x).f,>.  << ,t(x).f2>.-<< .,(*). f.». 


Since 


|h(M)00l 


i  Q-.expf  2  V|x. |),  (4.11)  of  Lemma  6  yields  that  (4.18) 
i=l  1 


is  dominated  by 


in  —  t  £  _ 

(4.19)  sup(l  +  2  <x.f  >2+  2  <x.C  >2)nexp(-  2  v'Kx.f  >|)E[(?w)(z*  .(x)))4]1 
Q  i=l  j=l  J  j=l  J  s,t 


sup(l+  2  <x.f  >2+  2  <x.f.>2)nexp(-  2  v'Kx.C^I) 
Q  i=l  J=1  J  J=1  J 


(i+  2  <z"  t(x).f  >2y 

i=l  StZ  1 


(i+  2  <z”  t(x).f  >2r 
i=l  s,t  1 


J^U)(zs.t(x))|4 


Ul  n  «  a  «  _ 

sup(l+  2  <x.f.>%  2  <x.cV)nexp(-  2  >/|<x.C.>|) 
n  Q  i=l  1  J=1  J  J=1  J 


era 


wWWiWwS 


l(l+  2  <z‘s  (x).f  >“) 
i=l  s,t  1 


where  =  sup  (l+|r|2)n  |^r^(*)|. 


n  r€»ra 


0£r£n 

On  the  other  hand,  we  can  verify  the  following  lemma. 

Lemma  7.  For  any  €  E  and  any  integer  p  i  1,  we  have 

1  £  ID 


.  0  i  s.t  i  T. 


E  m  N  2  o  M  C54<T>  - m  - 

1  i=l  1 


Proof.  Setting  0(x)  =  - and  applying  the  Ito  formula  for 

®  A 


(1+  2  <x.f  >2)p 
i=l  1 


t(x)).  we  get 


(4.20) 


E  I  m 


(^.tOO-^VJ  (1+  2  <x.f1>2)p 


+  E  sl  -2p(H^<aJ r(x).ft>  <i(r.z^(x)).fi>)  dr 


+E  Sl  2{2p(p+l)(l+  2  <z*J  r(x).f  >2)"(p+2>(2  <z"  (x),f  ><A(r.z"_J(x))h(0).f  : 

J=1  1=1  '  1  1=1  s,r  1  ,r  J  1 


-  p(l  +  2  <z”  r(x).f  >2f(p+1>(  2  <A(r.z”-J(x))h5°>.f  >2)}dr 
1=1  *,r  1  1=1  S,r  J  1 

By  the  boundedness  of  A^t.x).  (4.20)  is  dominated  by 

1  ■ 

- m - - -  ♦  W!  E  - = - - -  dr- 

(1+  2  <z*  (x).f  >2)p  1(1+  2  <z”  r(x).f  >2)pJ 

1=1  8,r  1  1=1  8,r  1 


Cvvv 


which  yields  the  proof  of  the  lemma,  together  with  the  Gronwall  lemma. 

Using  this  lemma,  we  see  that  the  right  hand  side  of  (4.18)  is  dominated 
by 

m  £  £ 

C„MI  sup  (1+  2  <x.f ,>2  +  2  <x.C,>2)nexp(-  2  V|<x.C4>|) 

530  n  Q  i=l  1  j=l  J  j=l  J 

x  - - — - -  <  00 . 

®  n  n 

(1+  2  <x.f  >2) 

1=1  1 

"V 

Hence  E[F(z  (x))]  is  a  weighted  Schwartz  functional  and  the  proof  of 

Si  t 

Proposition  2  is  complete. 

The  following  remark  is  immediate. 

Remark.  Under  the  assumptions  of  Proposition  2.  (L(t)F)(x)  €  2L,  if  F  € 

v  • 

55.  Theorem 

Propositions  1  and  2.  together  with  Remark  1,  yield 

Theorem.  Suppose  that  the  coefficients  A(t,x)  and  B(t,x)  satisfy  the 
conditions  (H1)-(H3)  and  are  approximated  by  bounded  smooth  functionals  on  E'. 
Then  L(t)  generates  the  Kolmogorov  evolution  operator  U(t,s)  from  into 
Itself.  Further  under  the  same  assumption  on  the  initial  value  as  in 
Proposition  1,  the  continuous  U![  5^. )-process  solution  of  (1.1)  is  uniquely 
given  by 

XpCO  =  fyt.OJF^  +  +  J0WL(s)U(t,s)F(S)ds- 

As  a  direct  application  of  our  theorem,  we  give  below  another  approach  to 


[fc 


the  fluctuation  problem  in  [4], 

Example.  Lattice  system  of  interacting  diffusions 

First  we  begin  to  explain  the  system  that  Deuschel  considered  in  [4].  Lei 
be  the  d-dimensional  lattice,  i=(i^ , ig. • • • . i^)  €  and  if  =  ^(Z^)  the 
Schwartz  space  of  rapidly  decreasing  sequences  f  =  (fj).  metrized  by  the 
countably  many  semi-norms: 

«Pp  =  2^  (l+|i|)2p|fi|2.  p=0, 1 ,2,  •  •  *  . 

The  dual  space  if'  =  if'(I^)  of  if  is  the  collection  of  all  slowly  increasing 
sequences  x  =  (x^)  such  that  for  some  integer  p  2  0, 

llx»?p=  iy(lMi|)"2p|x1|2<«. 

Let  bj(x),  i  t  7?.  be  a  real  valued  infinitely  many  times  ^-Fr^chet 
differentiable  mapping  on  if'  for  every  integer  p  ^  0  such  that  b^fx)  =  b(0ix), 

A 

where  b(x)  is  a  real  valued  mapping  on  if'  and  0^  =  (Xj+i). 

(VI)  We  have  some  natural  number  p^  such  that 


2  A  O+UI)  °(sup  |b  (x)  I )2  <  «. 
i  €T  xer 


(V2)  For  any  integers  n  2  1  and  p  2  0, 


09 

2  j(  1+ 1  i  | )  ^(sup  HDnb.(x)ll^p^  )2  <  ». 
leT  xG/'  1  HS- 


(V3)  For  any  integers  p  £  Pg,  q  2  0  and  n  £  0,  there  exists  a  sequence  of  real 
valued  bounded  smooth  functionals  b|m^(x)  such  that 

lim  sup  IIDV(x)-Dnb$m)(x)ll£q2  =  0. 

ra-*»  x&'  1  H 

P 


*5*5 


d 


Let  x(t)  =  (x^t).  1  €  Z*1 )  be  an  •■(ft  -valued  solution  of  the  following 


equation* 

(5.1)  XjCt)  =  oi  +  Bj  ( t )  +  J^Ms^ds. 

^(x)  =  £(0^).  0lX  =  (xj+1), 

where  (B^(t))  are  independent  copies  of  the  1 -dimensional  standard  Brownian 
motion  B(t),  (cr^)  are  independent  copies  of  the  1-dimensional  random  variable  a 
independent  of  B(t)  and  for  any  e.  >  0,  E[exp(ell(o.  )ll  )]  <  ®.  For  a  finite 

1  "Po 

lattice  V  €  Z^.  consider 


Now  put 


Tv(0  =  |vr1/2  Jy«9iX(t). 


<Uv(t).*>  =  <Tv(t).«>  -  E[<Tv(t).»>],  4>  €  c0(a") 


Then  it  can  be  proved  (see  [18],  [22])  that  Uy(t)  becomes  a  strongly  continuous 

GO  (J 

Cq^')' -valued  stochastic  process.  We  will  prove  tightness  for  Uy(t),  V  €  Z 
following  [5],  [19],  in  C([0,®);  Cq^')’).  Let  Lq  be  an  operator  defined  by 

(LqF)(x)  =  |  trace^  ^  D?F(x)  +  DF(x)(b(x)),  F  €  2^  ^ 

where  b(x)  =  (bj(x)). 

By  the  conditions  (VI)  and  (V2),  equation  (5.1)  is  solved  in  i f'  ,  so  that 

P0 

x(t)  €  .  Then  we  have  by  the  exponential  integrability  proved  in  the  same 


way  as  in  Lemma  5, 


E[<TV(«).*>2]  5  C57"*»2  Q  0. 
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■  x: 


Since  Cq(5/‘)  is  dense  in  Ty(t)  is  extended  to  a  continuous 

<£($  a  }-process.  We  denote  the  extension  by  TA  v(t). 

rif) 

Let  <i>(x)  =  ♦(<x.f1>.  <x.f2>.--*.<x.fn>).  ♦  fe  S(Rn) .  By  the  Ito  formula, 
we  get 

(5.2)  <Ty(t).tf>  -  <TV(0).*>  =  y(t)  +  TLo*.v(s)ds> 


where 


y(t)  =  ivf1-^  ^  ♦(<0ix(s).f1>.  <01x(s).f2>.-*-.<0Ix(s).fn) 


<  k^d  4  <*<■»• 


where  f j  =  (f*) .  kt^. 


From  the  independence  of  B  (t),  i  €  V  and  the  fact  that  x(t)  €  y ’  ,  we 

1  P0 


have  for  t  €  [O.T], 


(5.3) 


Then  M,  v(t)  can  be  extended  to  a  continuous  S£($  ,  )-process  and  has  the 

9.V  y(z °) 

same  regularity  properties  that  the  Sf(S  ,  )-Wiener  process  has.  Conditions 

r{7T) 

(V1)-(V3)  guarantee  that  Lq  belongs  to  the  class  dealt  with  in  the  Theorem.  We 
use  the  same  notation  U(t.s)  to  represent  the  evolution  operator  generated  by 
Lq.  Thus  the  solution  of  (5.2)  is  given  as  follows: 

<Ty(t).*>  =  Tu{tto)*y°)  +  M*,V^  +  ^O^Q^t.sJ^.V^^5 

as  in  the  proof  of  Proposition  1.  Hence  by  (5.3)  and  the  Kolmogorov  test  for  a 
real  Wiener  process,  we  get 

E[|<Uv(t)-Uv(s).*>|4]  i  Ot-sl2 


and  further 


E[|<Uv(t).*>|2]  *  C  (ll*ll2  +  sup  IIU(t.s)4>ll2  } 

v  bo  p0.i.i  0Uit  P0.i.j 

which  proves  the  tightness  in  C([0,»)  ’ )  ’  )  .  ([5],  [18]).  By  the  Skorokhod 

theorem  and  the  usual  limiting  argument,  the  limit  process  N(t)  of  Uy(t) 
satisfies  the  SDE 

(5.4)  <N(t)-N(0).$>  =  W^(t)  +  NL^(s)ds. 

where  N_(t),  F  €  S3  ,  .  Is  the  extension  of  N(t)  and  Wc(t)  is  a 

F  T{f)  F 

2(2)  j  )_Wiener  process  [8]. 

V'[f) 

The  uniqueness  for  solutions  of  the  equation  (5.4)  discussed  in  Theorem 
implies  the  identification  of  the  distribution  of  the  limit  process,  ([20], 
[21]).  which  implies  that  Uy(t)  converges  to  a  Gaussian  field  in 

C([o.«);c”orn. 

56.  A  fluctuation  theorem  for  a  system  of  interacting,  spatially  distributed 
neurons . 

A  problem  in  neurophysiology  that  has  received  considerable  attention  in 
recent  years,  is  the  stochastic  behavior  of  the  voltage  potential  of  a 
spatially  distributed  neuron  [11,26].  When  the  spatial  dimension  of  the 
neuronal  membrane  is  greater  than  one,  the  voltage  potential  is  modeled  as  a 
stochastic  process  taking  values  in  the  dual  of  some  nuclear  space  such  as  the 
space  of  Schwartz  distributions  S/'(IR^).  The  SDE  satisfied  by  the  voltage 
potential  is  best  introduced  via  the  following  general  model:  Let  H  be  a  real 
separable  Hilbert  space,  in  applications,  usually  H=L  (S.dp)  where  3C  is  the 
membrane  of  the  spatially  extended  neuron  (e.g.  I  =  [0,b],  a  d-dimensional 
rectangle  or  a  compact  Riemanian  manifold  with  or  without  boundary,  and  p  is 


.  >/■ 


the  appropriate  natural  measure  on  i).  Let  T  be  a  strongly  continuous 
semigroup  on  H  generated  by  a  closed,  densely  defined  operator  31  such  that 
(:<£,f)H  i  0  for  f  €  Dom(3l)  where  denotes  the  inner  product  of  H.  Assume 

that  some  power  of  the  resolvent  of  3f  is  a  Hilbert-Schmidt  operator  i.e. 


(6.1) 


(XI  -  31)  is  Hilbert-Schmidt  for  some  r^  >  0. 


Then  there  is  a  CONS  {<? in  H  such  that  -3f<#>j  =  f°r  J£1  and 

0£Xj<X2<. • •  •  Set 


,2r,_  *2 


(f  €  H;  2  <1+Xj)  <  *  ^r  any  r  *  0). 

J— 1 


Define  the  inner  product  on  E. 


«.nr  =  (wJ)2r(f..J)H(r.v.J)H 


2 

and  Er  as  the  II* ^-completion  of  E,  ( Ilf  11^  =  (f.£)r)  and  E^.  as  the  dual  of  the 
Hilbert  space  Er*  For  r<s.  Es  C  Ef  and  Eq  =  H.  Condition  (6.1)  Implies  that 
the  canonical  injection  E^  «*  Er  is  Hilbert-Schmidt  if  p  >  r+r^.  Hence  E  is 


nucelar. 


Since  *  generates  T  on  H,  we  have  for  £  €  E  and  t  >  0, 


•  -tX 


V-£* 


The  following  properties  of  T  can  be  easily  verified: 

V 

(a)  TtE  C  E; 

(b)  The  restriction  of  T  to  E  is  an  E-continuous  semigroup; 

(c)  t  -*  Ttf  is  continuous  for  every  f  €  E; 

(d)  The  restriction  of  31  on  E  maps  E  into  E  and  is  the  generator  of  the 
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semigroup  T  on  E; 

(e)  For  for  any  f  €  E  and  t  >  0, 

MTtfllr  S  HfHf  . 

The  voltage  potential  is  then  derived  as  the  solution  of  an  E'-valued  SDE 


(6.2) 


dx(t)  =  dp(t)  +  arx(t)dt 


where  is  the  adjoint  of  3f  on  E  and  /3(t)  is  an  E'-valued  Wiener  process  with 
E[</3(t),f>  <P(S).C>]  =  (t  A  s)Q(f.C),  Q  being  an  E-continuous  quadratic  form. 


Let  us  now  define 


<V(t)x,f>  =  <x.Ttf>  Vx  €  E'.  f  €  E. 


Then,  using  property  (e)  above  we  have 


IIV(t)xll  =  sup  |<x,T  f > |  i  llxll  sup  IIT  f II  i  llxll 

t  ii  eii  »  — r  H  I*  I.  t  r  — r 


llfllrSl 


and  so 


(6.3) 


sup  IIV(t)xll  i  llxll_ 
0£t£T  'r  _r 


(6.3)  is  a  special  case  of  condition  (VI2)  below,  which  is  thus  satisfied  for 

the  class  of  spatially  extended  neurons  whose  voltage  potentials  are  modeled  by 

2 

(6.2).  For  specific  examples  of  L  (X.dp)  and  the  semigroup  T^  which  describes 
the  deterministic  part  of  the  behavior  of  the  neuron,  see  [11]. 

We  now  come  to  the  question  of  interacting  assemblies  of  a  very  large 
number  of  neurons.  This  appears  to  be  a  very  important  problem  of 
physiological  interest  since  such  large  systems  are  involved  in  the  functioning 
of  the  central  nervous  system.  The  difficulty  consists  in  discovering  the 
precise  nature  of  the  interaction  in  a  mathematical  form.  In  this  section  we 
consider  an  interaction  similar  to  the  mean-field  interaction  in  particle 


me 


diffusions.  Another,  possibly  more  realistic  interaction  known  in  the 
physiological  literature  as  "parallel  fiber  interaction"  will  be  investigated 
in  our  future  work. 


Let  b(x,y)  be  a  mapping  from  E'xE*  to  some  E'  such  that  b(*,*)  is 

p6 


infinitely  many  Ep-Fr6chet  differentiable  for  every  integer  p^O  and  with  all 
derivatives  bounded; 


(VII)  sup  HD*  D™  b(x,y)H^Pg  <  » 

x,y€E'  y 

for  any  Integers  k.m  and  p  £  0.  Here  D  and  D  denote  the  Fr^chet  derivatives 

x  y 

with  respect  to  variables  x  and  y.  The  i-th  component  X^n^(t)  of  the  n-system 
of  diffusions  is  obeyed  by  the  following  stochastic  differential  equation: 


(6.4) 


dX<n>(t)  =  djj(t)  ♦  (J(t)x[n>(t)  _i 


J  b(X<n)(t).  X(n)(t))}dt. 
j=l  1  J 


issl.2,»»».n. 


where(Pi(t)}  are  Independent  copies  of  an  E’-valued  Wiener  process  /3(t). 

Suppose  that  Cf(t)  generates  the  strongly  continuous  contraction  evolution 
operator  V(t,s)  from  E'  to  itself  such  that  for  any  integer  p  and  any  T>0, 
there  exists  some  integer  n(p,T)  £  p  satisfying 


(VI2)  sup  JIV(t,s)xl!  ,  *  i  ,!xILd- 

0^t$T  P 

Without  loss  of  generality,  we  may  assume  n(p,T)  £  n(q,T)  if  p  $  q.  Then  (6.4) 
is  equivalent  to 


(6.5) 


x[n)(t)  =  V(t.O)a1+J^V(t,s)dP1(s)+/J  V(t.s)(i 


2  b(X<n)(s),X(n>(s)))ds. 

j=l  1  J 


We  assume  the  initial  value  a ^  to  be  an  independent  copy  of  a  such  that 


% 


•VVv'V 

‘iv-— 


rs. 


»/vrVV  V"  V 
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E[exp(fcllall  p  )]  <  ®  for  every  e  >  0  and  some  natural  number  p^. 

Since  Q(f.C)  is  a  continuous  quadratic  form  on  E,  there  exists  an  integer 
r  such  that 

QCf.n  =  (Qj:/2f.Qj:/2c)r 

where  Q  is  a  self-adjoint  operator  on  E  .  Then  clearly.  /3(t)  €  E'  for  some 
r  r  Pg 

integer  pg  >  r. 

The  solution  of  (6.5)  until  time  T  is  easily  obtained  by  the  usual  method 
of  successive  approximations  in  E^p  where  pg  =  Pg  V  p^  V  pg. 

For  the  finite  measure  v(dx)  on  E* ,  set  b[x,u]  =  j£.b(x,y)u(dy) ,  where  the 
Integral  ia  the  Bochner  integral  on  E*  and  consider 


(6.6) 


dXj(t)  =  dPj(t)  +  (S(t)Xj(t)  +  b[Xi(t).u]}dt. 
u(t.dx)  =  the  distribution  of  Xj(t). 


Then  according  to  the  following  lemma  the  empirical  distribution 

1  n 

-  2  8  M  converges  to  u(t,dx)  in  probability  in  the  usual  weak  convergence 
11  Jal  Xj'(t) 

of  measures,  where  5 is  the  Dirac  measure  at  x  in  E'. 

Lemma  8.  For  any  T  >  0  and  integer  j  2  1, 

E[lix[ra)(t)  -  Xt(t)ll^(p  T)]  <  C61(T)/mJ.  O^t^T. 


Proof.  Put  n^  =  n(pg,T).  Then  the  condition  (VII)  yields 

llb(x[ra)(t).xjm)(t))  -b(Xt(t).  X^t))! 

i  sup  HD  b(x.y)lft)  HX<m)(t)  -  X  (t)ll 
x,y€E'  x  1  1  n0 
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5  c62ux'“)(t)  -  xl(t)iLno 

and 

!ib(X1(t).X^(t))  -  b(X1(t).Xj(t))ll_p&  S  C^IIX^t)  -  XJ(t)ll_n 
so  that  we  have 


(6.7) 


E[lix[m)(t)  -  Xl(t)B^] 


i  C^m/jECHnt.s)^  2  b(x[m)(s).x5m)(s))  -  b^s)  ,u]}ll^  ]ds 
*  C65*T>  Sl$t*  Xim)(s)  "  Vs>!l-n0J  +  m 


+  E[»  £  2  {b(Xi(s) ,Xj(s))  -  b[Xi(s).u]}ll?J  ]}ds. 

J — 1  6 

Noticing  the  independence  of  X^t),  1=1, 2,  ••♦.m  and  the  condition  (VII).  we 
have 


(6.8)  E  [II  i  ^{b(X1(s).XJ(s))-b[Xi(s).u]}ll^]  ^  C^TJ/m^ 

Therefore  Gronwall's  inequality,  together  with  (6.7)  and  (6.8),  implies  the 
assertion  of  Lemma  8. 


Now  we  proceed  to  the  discussion  of  the  fluctuation  problem.  We  are  able 

-  i  n  „ 

to  consider  U  (t)  =  Vn  (—  26,.  -  u(t.dx))  as  a  Cft(E‘ ) ’-valued  continuous 

"  "  J=1  Xjn;(t)  U 

stochastic  process  [18],  [22],  To  check  the  tightness  of  Un(t)  in  C([0,®); 

00  00 
Cq(E’)’}  of  all  continuous  mappings  from  [0,®)  Into  Cq(E')’.  it  is  enough  to 

verify  the  Kolmogorov  tightness  criterion  for  <Un(t),$>,  ♦  €  Cq(E'),  where 

<  ,  >  denotes  the  canonical  bilinear  form  on  Cq(E’)'  x  Cq(E’).  [5],  [19]. 

We  have  the  following  exponential  integrability. 


Lemma  9.  For  any  a>0,  T>0  and  any  integer  p  £  n(pg.T),  there  exists  a 
constant  C^j  =  Cg^(a.T.p)  such  that 

allX(n)(t)ll  allX  (t)ll 

sup  E[e  p]  V  E[e  1  p]  *  <?„. 

0£t£T 

Proof.  Set  nQ=n(pg.T).  Assumptions  (VII)  and  (VI2)  give 
max{IIX^n)(t)ll_n  .  HXi( t)ll_n  }  $  II  Ojll  +  +  H/Jv(t.s)dBi(s)ll_n 


and  hence  the  lemma  can  be  proved  in  the  same  way  as  Lemma  5. 


Once  we  know  Lemmas  8  and  9.  we  can  check  the  moment  condition; 


(6.9) 


E[|<U(t)-U  (»).♦> |4]  S  C.Q(»)|t-s|2. 


(see  [8]).  Similarly  we  have 


(6.10) 


S  C70(T)"*“n(p9.T).n(p9.T).I' 


Then  a  subsequence  of  Un(t)  converges  to  U(t)  in  C([0.“);  Cq(E')*).  Further 
(6.9)  and  (6.10)  guarantee  that  Un(t)  and  U(t)  can  be  extended  to  continuous 
Sf(®£. )-pr°cesses  and  so  we  denote  the  extensions  by  (Un)p(t)  and  Up(t), 

F  €  Sp.,  respectively. 

For  any  F  €  fflg,,  define 

(K(t)F)(x)  =  |  trace£  D2F(x)o[(q|:/2)’*x(qJ:/2)M]  +  DF(x)(b[x.u]  +  *(t)x) 

r 

+  /E.DF,(y)(My.x))u(t.dy) 


WF(t)  =  Up(t)  -  Up(0)  -  ;^uK(s)F(s)ds. 


wi4; 


where  trace  D^fx)  o  [(qJ/2)^^2)*4]  =  2  D2F(x)(((}l/2)*h(r>.  (aJ/2)Vr)) 

r  r  r  j=1  r  J  r  j 

and  *  means  the  adjoint  operator  with  respect  to  the  dual  pair  on  E'xE. 

By  following  the  argument  of  [8]  word  by  word,  we  have  the  proof  that 
Wp(t)  is  a  continuous  ) -Wiener  process.  Thus  any  limit  process  of 

convergent  subsequences  of  Un(t)  satisfies  the  weak  SDE  of  type  (1.1). 

Now  we  impose  a  rather  technical  condition  on  b(x,y). 


00 

(VI3)  For  any  e  >  0  and  any  integers  p.q.n  £  0,  there  exists  a  C^-function 


b(x,p)  of  D^xR™  to  E'  such  that 

P6 


sup  II  Dj*  D”[b(x.y)-b(<x.f  >,<x,f  >.--*<x,f  >. 
x€E'  X  y  12  m 

P 


(q) 


<y.fj>.  <y-C2>-*“*<y‘Cm,>)],lH  S.  <  fe 


0  i  p  +  v  £  n,  e  E.  i=1.2,*‘»,ra  and  J=1 ,2, • • • ,m' . 

00  — 

Here  C^-function  means  b(x.p)  itself  and  all  the  derivatives  are  bounded. 

We  set 

(A(t)F)(x)  =  |traceE  D?F(x)  o  [(qJ/2)*x(Q*/2)*]  ♦  DF(x)(b[x.u]  +  *(t)x) 

r 

and 

(J(t)F)(x)  =  XE.DF(y)(b(y.x))u(t.dy). 

Though  S(t)x  is  not  bounded,  from  a  part  of  the  proof  of  Proposition  2  and  the 
assumptions  (VII)  and  (VI3),  we  can  show 

A(t)®£*  c  ®£.  and  JCtJSg.  C  Sg,  . 

Since 

H,.t(x)  =  V(t,s)x  +  XV(t,r)d/3(r)  +  XW(t.r)b[ns  r(x).u]dr. 

00 

choosing  q*  >  n(q".T)  such  that  q”  >  max{p,pQ,q)  and  2  llh^ll2  „  <  *  in  the 

y  J=1  J  ^ 

proofs  of  Propositions  1  and  2  and  recalling  the  condition  (VI2),  we  conclude 


that  Lemma  5  holds  If  q’  In  the  right  hand  side  is  replactl  by  q"  and  hence, 
together  with  (VII)  and  (VI3),  we  obtain  that  A(t)  generates  the  Kolmogorov 


evolution  operator  from  into  itself  similarly.  Further  since  J(t) 
satisfies  the  condition  of  Proposition  2  in  [21]  and  the  proof  of  Proposition  2 
in  [?1]  is  valid  for  any  FrAchet  space.  K(t)  =  A(t)+J(t)  generates  the 
Kolmogorov  evolution  operator  U(t,s)  from  into  itself.  Since  the  Theorem 
gives  the  identification  of  the  distributions  of  the  limit  processes  U(t),  we 
obtain  the  conclusion  that  under  the  assumptions  (VII)  -  (VI3)  and  the 
exponential  integrability  of  a,  Un(t)  converges  to  a  Gaussian  field  governed  by 
the  weak  SDE  of  type  (1.1)  in  C([0,“);  Cq(E‘)‘).  namely. 


dXp(t)  =  dWp(t)  +  XK(t)F(t)dt. 

where  Wp(t)  is  an  5/(26^. )-Wiener  process  with 

00 

E[WF(t)WG(s)]  =  S^s(f  1  DF(x)((Qj/2)Hhjr))DG(x)((Qj/2Ajr))u(T.dx))dr 

E  Jssl 

and  Xp.(0)  is  a  Gaussian  random  variable  with 

E[Xf(0)Xg(0)]  =  E[F(a)G(a)]  -  E[F(o)]E[G(a)].  F.G  €  3^,. 
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